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Abstract 
We examined the stage of vertical-disparity processing that produces a global 
stereoscopic slant. In two psychophysical experiments, we measured perceived slant 
about a vertical axis for two-dimensional stereoscopic patterns consisting of random 
dots, concentric lines, and radial lines. Binocular image differences were introduced 
into each pattern by vertically magnifying either the entire image for the right eye or 
that for the left eye. Because the continuous lines were geometrically ambiguous in 
local stereo correspondence, the three patterns differed from each other in the local 
horizontal disparity measured in retinal coordinates. The two experiments revealed that, 
despite the differences in the retinal horizontal disparity, the slant settings were 
generally similar for the three patterns, in both short and long viewing distances (25 and 
120 cm, respectively). These results are consistent with the idea that the visual system 
uses vertical disparity at least when establishing local stereo correspondence. A 
Bayesian model is proposed to account for the results. 
 
Key words: vertical disparity, stereo matching, slant, Bayesian model 
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1 Introduction 
 Stereo correspondence refers to the process of analyzing and matching the 
elements projected onto the two-dimensional (2D) retinae of the two eyes. In natural 
three-dimensional (3D) scenes, the two retinal images contain slight differences that 
depend on the distances and directions from the eyes to the viewed objects. The local 
binocular differences, called horizontal disparities, provide quantitative information 
about the 3D structure of the scene when extraretinal parameters such as viewing 
distance and gaze direction are provided (Howard and Rogers 1995, 2012). To gain a 
better understanding of stereo correspondence, several studies have proposed a variety 
of theoretical models (Banks et al 2004; DeAngelis et al 1995; Fleet et al 1996). 
 A challenge to theoretical models of stereo correspondence is the induced 
effect, a visual phenomenon in which observers perceive a surface slant about a vertical 
axis when the image presented to one eye is vertically magnified with respect to that 
presented to the other eye (eg Ogle 1950; Serrano-Pedraza and Read 2009). For 
example, if the entire pattern presented to the left eye is vertically magnified by, say, 
5% with respect to that of the right eye, the observer perceives a flat and slanted surface 
whose left side appears closer. This type of magnification is often called vertical size 
disparity. The induced effect is typically obtained when the pattern consists of random 
dots that cover a large portion of the visual field (> 30˚ of visual angle). The perceived 
slant is approximately proportional to the vertical size disparity within a range of 
95-105% (Kaneko and Howard 1996; Ogle 1950). 

Because typical stimuli for investigating the induced effect (eg a random-dot 
or textured pattern) contain zero horizontal disparity across the entire visual field, an 
additional process must be postulated to explain this phenomenon theoretically. 
Psychophysical studies have suggested that vertical size disparity is used to correct the 
global slant of stereoscopic surfaces (Backus et al 1999; Duke and Howard 2012; 
Kaneko and Howard 1996). A useful formula was proposed by Backus et al (1999), in 
which horizontal and vertical disparities are represented as horizontal and vertical size 
ratios, respectively. Let (x0r, y0r) and (xr, yr) denote the angular position of two elements 
presented to the right eye in Cartesian coordinates; let (x0l, y0l) and (xl, yl) denote the 
angular position of the two corresponding elements presented to the left eye. According 
to Howard and Rogers (2012), the horizontal size ratio H is defined as the ratio of the 
horizontal angular sizes of two points presented to the two eyes, H = (xl – x0l)/(xr – x0r). 
The vertical size ratio V is similarly defined by the ratio of the vertical angular sizes in 
the two eyes, V = (yl – y0l)/(yr – y0r). Then, the slant about a vertical axis S (rad) is 
expressed as a function of H and V: 
 
S ≈ –tan–1[µ–1ln(H/V)],     (1) 
 
where µ is the convergence angle (rad), and ln is the natural logarithm. Under this 
convention, a positive value of S indicates that the left side of the entire stimulus 
appears in front of the fixation point. This formula provides a general theoretical 
account for the induced effect, by representing that the slant suggested by the 
horizontal-disparity term is corrected (ie divided) by the vertical-disparity term, H/V.  

However, the way in which the visual system uses vertical disparity is still 
unclear. We introduce three possible ideas. First, one can hypothesize that the visual 
system uses vertical disparity when and after establishing stereo correspondence. In this 
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strategy, the visual system can first identify the 2D disparity vector in each spatial 
position appropriately with the aid of the global pattern of the vertical-disparity field 
(Backus et al 1999; Duke et al 2006; Kaneko and Howard 1996, 1997; Gårding et al 
1995; Matthews et al 2003; Porrill et al 1999). For stimuli that produce the induced 
effect, the correct direction of correspondence is vertical. After establishing stereo 
correspondence appropriately, the global vertical disparity is used to interpret horizontal 
disparities by applying Equation (1). This strategy generally agrees with the 
conventional explanation of the induced effect and is called the standard theory of the 
induced effect here. 

Second, one can hypothesize that the visual system could use vertical 
disparity only after establishing stereo correspondence. In this strategy, the visual 
system first identifies the 2D disparity vector at purely local level, without the aid of the 
global vertical-disparity field. Vertical disparities are pooled across different positions 
and used to correct horizontal disparities. This strategy is called the late-correction 
hypothesis here. 

Third, one can hypothesize that the visual system uses vertical disparity only 
when establishing stereo correspondence (Julesz 1971; Ogle 1950). For example, Ogle 
(1950) argued that the visual system could first identify the global vertical mismatch 
between the two retinal images and then cortically enlarge the entire retinal image 
projected onto one eye so that the overall heights of the two images are equal. 
Consequently, the overall widths of the images are now different. By processing the 
horizontal disparities between these corrected images, the visual system produces a 
global slant. In this paper we call this strategy the early-correction hypothesis. 

To examine the three ideas, here we devised two spatial patterns consisting of 
continuous lines, concentric and radial (Figure 1A). Random-dot patterns contain 
spatially distributed elements, which provide sufficient visual information to establish 
local stereo correspondence as well as to measure horizontal disparities unambiguously. 
Random-dot stimuli are therefore not adequate to examine this issue. In contrast to 
random-dot stereograms, continuous lines [as well as continuous edges and 
one-dimensional (1D) gratings] are geometrically ambiguous in local stereo 
correspondence (Arditi 1982; Farell 1998; van Ee and Schor 2000; Mitsudo 2007). In 
the concentric pattern, the local orientation of each line is almost perpendicular to the 
direction of the line position with respect to the center of the stimulus. In the radial 
pattern, on the other hand, the local orientation of each line is always parallel to the 
direction of the line position with respect to the stimulus center.  

Adding a vertical size disparity to the concentric and radial patterns results in 
retinal horizontal disparities that depend on both the line orientation and the retinal 
position. Consider a case where the vertical size ratio b introduced into the whole 
stimulus is greater than 100% (eg H = 100%; V = b = 105%, Figure 1A). For the 
random-dot pattern, there is no ambiguity in local stereo correspondence, yielding H/V 
= 1/1.05 ≈ 0.952. Throughout this paper we consider a situation where the observer 
judges the overall slant of the entire stimulus while fixating the center of the stimulus 
placed in front of the head at a constant viewing distance.1 Therefore, the local 

                                            
1 With this definition, the size ratio is not necessarily correlated with the disparity 
gradient (see Howard and Rogers 1995, for mathematical deduction), especially for the 
concentric pattern. However, the definition is sufficient for considering our situation 
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horizontal size ratio is computed with respect to the stimulus center. This means (x0r, 
y0r) = (x0l, y0l) = (0, 0), simplifying the calculation of the horizontal size ratio, H = (xl – 
x0l)/(xr – x0r) = xl/xr. 

The three ideas provide predictions about slant for the three patterns. First, the 
standard theory states that the visual system can somehow establish correct 
correspondence for the two line patterns as well as the random-dot pattern, by taking 
into account the global vertical-disparity field at this correspondence stage. Because the 
correct direction of correspondence is vertical in the three patterns, the predicted slants 
for the two line patterns will be identical to that for the random-dot patterns. 

Second, let us consider a specific prediction from the late-correction 
hypothesis. We assume that the visual system prefers horizontal correspondence for the 
line patterns at local level, as reported in psychophysical studies (Morgan and Castet 
1997; van Ee and Schor 2000). This means that the vertical component is always close 
to zero (V = 100%) for the line patterns. For the concentric pattern, a vertical size ratio 
of 105% produces a crossed retinal horizontal disparity in the first and fourth quadrants 
(ie xl > xr; xl, xr > 0), and an uncrossed horizontal disparity in the second and third 
quadrants (ie xl < xr; xl, xr < 0). The values of the local horizontal size ratio H are then 
greater than 100% (eg approximately 104.5% in a 45˚ oblique position).2 Therefore, the 
values of H/V become greater than one, yielding a slant opposite to that in the 
random-dot condition. For the radial pattern, on the other hand, introducing the same 
value of the vertical size ratio b results in a retinal horizontal disparity whose direction 
is opposite that of the concentric pattern in each quadrant (Figure 1A). The value of H 
becomes 95.2% (H = 1/b), and therefore the value of H/V is 0.952, yielding a slant 
which is the same as that of the random-dot pattern. The late-correction hypothesis 
predicts generally different slants for the three patterns even when different assumptions 
are made. See Appendix A. 

Third, we consider the early-correction hypothesis. For each stereogram, the 
corresponding point in the image of the left eye can be represented by (xl, yl) = (xr, byr). 
If the stereo system corrects correspondence by magnifying the entire image of the left 
eye by 1/b, the point in the left eye becomes (xr/b, yr). See Figure 1B. Then, the value of 
H is (xr/b)/xr = 95.2%, and the value of V is yr/yr = 100%, yielding H/V = 0.952/1 = 
0.952. This value is the same as the prediction from the other hypotheses for the 
random-dot pattern. Consequently, the prediction from the early-correction hypothesis 
is identical to that from the standard theory: Predicted slants are generally similar for 
the three patterns. 

 
----------------------Figure 1 around here ---------------------- 

 
In the two experiments reported here, we tested these predictions by 

measuring the perceived slant about a vertical axis for the random-dot, concentric, and 

                                                                                                                                
because (a) the disparity gradient is related to the local slant, and (b) we are interested in 
the overall, global slant. 
2 In the concentric pattern, H depends on the spatial position and is represented by [1 – 
(b–1sint)2]0.5/cost, where t = sin–1[yr/(xr

2+yr
2)0.5]. Our analysis assumes that the visual 

system averages local estimates of horizontal disparity measured across different spatial 
positions to obtain a global slant. 
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radial patterns as a function of the vertical size ratio, varied from 95.2% to 105% across 
trials. Using the method of adjustment, the observers reported the overall slant of each 
pattern at viewing distances of 25 and 120 cm (Experiments 1 and 2, respectively). In 
Section 4, we tried to construct a simple computational model to account for our 
psychophysical data—the slant settings were generally similar for the three patterns in 
Experiments 1 and 2. In the present model, the perceived slant was assumed to derive 
from horizontal disparities calculated after a correction for the binocular difference in 
overall image size (ie image magnification). Although Ogle (1950) pointed out that the 
correction of stereo correspondence could account for the induced effect, no study has 
examined this idea quantitatively. We adopted a Bayesian framework to determine the 
amount of image magnification to be corrected from stereo images, as in the case of 
cyclovergence (a counter-rotation of the two eyes about the line of sight, Mitsudo et al 
2009). 
 
2 Experiment 1 
 
2.1 Methods 
2.1.1 Observers 

Ten observers (aged between 19 and 33 years old) participated in the 
experiment. Eight were naive as to the purpose of the experiment, and two were the 
authors. All had normal or corrected-to-normal visual acuity and were able to see the 
depth defined by horizontal disparity in a simple anaglyph stereogram. 
2.1.2 Apparatus 

Stereo stimuli were presented on a 15-inch LCD color monitor (Sharp 
LL-T1502T, 1024 x 768 pixels) with the anaglyph technique. A personal computer 
(Dell Dimension 8400) was used to control the stimulus presentation and to obtain the 
observer’s response. One pixel subtended 4 x 4´ of visual angle. All stimuli were drawn 
with the antialiasing method. 
2.1.3 Stimuli 

The test stimuli were random-dot, concentric, and radial patterns drawn in red 
and blue (Figure 1A). Each pattern subtended approximately 30˚ of visual angle in 
diameter. Vertical size disparity was introduced into each pattern by 95.2%, 97.6%, 
100%, 102.5%, and 105%. A fixation with nonius lines (2.7 x 2.7˚ of visual angle) was 
presented at the center of the screen. The stimulus for the right eye image was drawn in 
blue and viewed through a blue filter; the stimulus for the left eye was drawn in red and 
viewed through a red filter. The interocular crosstalk was small (5.5% on average) 
enough to produce the desired disparity. The background of the screen was dark. The 
three patterns were matched with each other in terms of the number of pixels that 
constituted each pattern. This was done by adjusting the number and size of dots for the 
random-dot pattern and the number, length, and width of lines for the concentric and 
radial patterns. Consequently, the stimulus parameters were determined as follows. The 
random-dot pattern consisted of approximately 750 dots, each of which subtended 0.4 x 
0.4˚ of visual angle. The concentric pattern consisted of seven ovals; the widths of the 
largest and smallest ovals were 32˚ and 8˚ of visual angle, respectively, and the line 
width of each oval was 0.3˚ of visual angle. The radial pattern consisted of 38 line 
segments; both ends of each line segment were gradually darkened so that they did not 
produce a clear line termination. 



Vertical size disparity  7 

The matching display contained two lines (length, 30˚ of visual angle), one 
for adjustment and the other as a reference (Figure 2). The continuous line was 
adjustable and could be rotated by the observer. The step size of adjustment was 0.2˚. 
The dashed line, whose orientation was fixed and always horizontal, served as a 
reference representing the fronto-parallel plane for the task. At the beginning of the 
adjustment for each trial, the continuous line was superimposed on the dashed line at the 
center of the screen. In addition to these lines, a binocularly correlated, random-dot 
pattern with zero disparity was presented during the adjustment. 
 

----------------------Figure 2 around here ---------------------- 
 
2.1.4 Procedure 

The observer binocularly viewed the screen, which was placed in front of the 
head at a viewing distance of 25 cm. The experiment was conducted in a darkened 
room; no objects were visible except for the stimulus. The test and matching stimuli 
were presented at the center of the screen. The observer’s head was stabilized with a 
forehead-and-chin rest.  

At the beginning of each trial, the observer was required to view the test 
pattern for 4 s while fixating the nonius pattern presented at the center of the pattern. 
The test display then disappeared, and the matching display appeared. The observer’s 
task was to adjust the orientation of the matching line stimulus until it appeared to 
represent the perceived slant of the test stimulus. The observer was instructed to regard 
the matching line as the schematic cross-section of the test stimulus with respect to the 
fronto-parallel plane (ie as if the test stimulus were viewed from above the screen). 
During the adjustment, the observer was not required to fixate the center of the pattern. 
The adjustment was made by pressing the “4” and “5” keys on the extended keyboard. 
 Each block comprised ten trials (five vertical size ratios x two repetitions). 
During each block, the order of the vertical size ratios was randomized, while the type 
of test pattern was constant. After several practice blocks, each observer completed nine 
blocks (three blocks for each test pattern). The presentation order of the test patterns 
was counterbalanced across blocks and observers. 
 
2.2 Results and discussion 

Figures 3A-C show the mean slant settings averaged over the ten observers. 
The oblique gray line represents the predicted slant based on Equation (1). A two-way 
repeated-measures analysis of variance (ANOVA) was performed on the mean slant 
settings, with the factors of vertical size ratio and stimulus pattern. Only the main effect 
of vertical size ratio was significant, F(4, 36) = 5.6, p < .005. 
 To examine the overall effect of vertical size ratio on perceived slant, we 
computed the gain of perceived slant as a function of vertical size ratio for each test 
pattern. In particular, the slant settings were fitted with a modified version of Equation 
(1), 
 
S ≈ –gtan–1[µ–1ln(1/V)] + c0,    (2) 
 
where g is the gain of perceived slant as a function of vertical size ratio, and c0 is 
constant overall bias in slant settings. The least-squares method was used to estimate the 
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two free-parameters, the gain g and the constant c0, for each observer. Figure 3D shows 
the values of gain for the random-dot, concentric, and radial patterns. The mean of gain 
values was positive. A one-way repeated-measures ANOVA was conducted on the gain 
value, with the factor of stimulus pattern. No main effect of stimulus pattern was 
significant, F(2, 18) = 1.78, p = 0.20.  
 

----------------------Figure 3 around here ---------------------- 
 

To summarize, (a) the direction of the obtained slants was consistent with that 
predicted from Backus et al’s (1999) model (Equation 1) for all the three patterns, and 
(b) the magnitude of the obtained slants was less than the predicted value, but similar 
among the three patterns tested. These results generally support both the standard theory 
and the early-correction hypothesis. 
 In this experiment, the observer binocularly fixated the center of large test 
stimuli at a short viewing distance, 25 cm. Under this condition, the two retinal images 
differed considerably from each other in overall shape. For example, the left side of the 
stimuli viewed from the left eye was larger than that viewed from the right eye, thereby 
creating vertical and horizontal disparities especially at eccentric retinal positions. This 
type of information is called differential perspective—spatial gradients in the horizontal 
and vertical size ratios (Rogers and Bradshaw 1993). In Experiment 1, differential 
perspective in theory provides information about the observation distance, but not about 
the slant of a surface. Nevertheless, one might suspect that perceived slants are similar 
for the three patterns only when the stimulus contains a considerable amount of the 
differential-perspective cues to observation distance. To examine this issue, we 
conducted a second experiment. 
 
3 Experiment 2 
 Experiment 2 employed similar settings to those used in Experiment 1 and 
examined whether the results of Experiment 1 could be replicated with a longer viewing 
distance (120 cm). When the stimuli used in Experiment 1 are viewed from this distance, 
differential perspective becomes very small. If differential perspective plays a minor 
role in the present experiments, slant settings were expected to be similar for the three 
test patterns. 
 
3.1 Method 
3.1.1 Observers 

Five observers (aged between 24 and 46 years old) participated in the 
experiment. All were naive to the purpose of the experiment, except for two of the 
authors. One of the observers participated in Experiment 1. All had normal or 
corrected-to-normal visual acuity and reported that they were able to see stereoscopic 
depth. 
3.1.2 Apparatus, stimuli, and procedure 

The stimuli and procedure were essentially identical to those used in 
Experiment 1, except that the stimuli were displayed on a large, back-projected screen. 
The observer viewed stereoscopic stimuli with a pair of liquid-shutter stereoscopic 
glasses (NuVision 60GX). The refresh rate of the screen was 59.9 Hz for each eye. The 
stimuli were generated by an Apple MacBook Pro. The viewing distance was 
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approximately 120 cm. In Experiment 2, one pixel subtended 8 x 8´ of visual angle, 
which was larger than 4 x 4´ in Experiment 1. The number of dots was approximately 
270 in the random-dot pattern; four ovals were presented in the concentric condition, so 
that each stimulus pattern subtended approximately 40˚ of visual angle in diameter. 
 
3.2 Results and discussion 
 Figures 4A-C show the mean slant settings averaged over the five observers. 
The oblique gray line represents the predicted slant based on Equation (1). As in 
Experiment 1, we conducted a two-way repeated-measures ANOVA on the mean slant 
settings, with the factors of vertical size ratio and stimulus pattern. We found that the 
two-way interaction was significant, F(8, 32) = 2.504, p < 0.05, as was the main effect 
of the vertical size ratio, F(4, 16) = 10.196, p < 0.0005.  
 We computed the gain of perceived slant as a function of vertical size ratio as 
in Experiment 1. Figure 4D shows the values of gain for the three patterns, averaged 
over the five observers. A one-way repeated-measures ANOVA was conducted on the 
gain value, with the factor of stimulus pattern. No main effect of stimulus pattern was 
significant, F(2, 8) = 2.68, p = 0.13. These gain values were positive and similar to 
those obtained in Experiment 1 (approximately 0.2).3 These results suggest that the 
differential-perspective cues to viewing distance play a minor role in perceiving slant 
from the line stereograms. 
 

----------------------Figure 4 around here ---------------------- 
 

Although the results of Experiment 2 generally replicated those of Experiment 
1, the perceived slant tends to be smaller for the concentric pattern than for the 
random-dot and radial patterns. Indeed, we found a significant interaction between the 
vertical size ratio and stimulus pattern in Experiment 2, but not in Experiment 1. We 
currently have no clear explanation for this difference, but can point out two 
possibilities. First, a relatively smaller slant for the two line patterns may be partly 
explained by the perspective cues contained by the stimuli (Banks and Backus 1998), 
because the arrangement of the elements contained by the two line patterns was regular, 
therefore suggesting the fronto-parallel plane. Second, it may be related to a large 
individual difference in metric judgments about stereoscopic depth (Harris et al 2012). 
This issue will be discussed again in Section 4.3. 

 
4 Bayesian model 

The results of the two experiments showed that observers perceived similar 
slants for the three patterns with vertical size disparity, irrespective of the different 
retinal horizontal disparities. These results are generally consistent with both the 

                                            
3 We conducted a two-way mixed-design ANOVA on the gain value, with the factors 
of stimulus pattern (random-dot, concentric, radial) and viewing distance (25 cm, 120 
cm). Neither the main effect of stimulus pattern nor that of viewing distance was 
significant [F(2,26) = 1.21, p = 0.31; F(1, 13) = 0.078, p = 0.78, respectively]. The 
two-way interaction was also not significant, F(2, 26) = 0.956, p = 0.40. These results 
confirm that the gain values do not systematically vary across the experimental 
conditions tested. 
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standard theory and the early-correction hypothesis. Because the early-correction 
hypothesis seems to be simpler than the standard theory, we decided to make a 
computational model based on the early-correction hypothesis.  

As discussed in the Introduction, the early-correction hypothesis states that 
the visual system adjusts the image-size difference when establishing stereo 
correspondence. This idea is a promising, but not satisfactory quantitative explanation 
because available visual signals might be insufficient to estimate how much of the 
image-size correction is needed. In this section, we tried to show that image-size 
correction is possible by extending a computational framework of stereo 
correspondence. To construct a quantitative model to account for the psychophysical 
data, we take two additional factors into account. One is that the visual system should 
search for corresponding elements within a limited range of magnification and should 
prefer a correspondence with a smaller amount of magnification. The other is that, when 
adjusting the image-size difference, the visual system should take into account the 
constraint that retinal disparities arise not only from magnification but also from the 3D 
structure of the scene. Retinal disparities contained by the line stereograms can be 
interpreted as arising from an image-size difference or the local horizontal disparities 
created by depth changes. We included these two factors in a Bayesian model. 

The present model consisted of two stages. In the first stage, a stereo pair was 
analyzed to estimate the overall difference in size (ie magnification) between the images 
presented to the two eyes. We adopted and modified a correlation-based model (eg 
Banks et al 2004; Mitsudo et al 2009), in which local disparity is determined by 
binocular cross-correlation between small regions (called windows) within the images. 
We assumed that visual signals, not extraretinal signals regarding eye position, are used 
to estimate the value of image magnification. This assumption was based on the 
psychophysical results that visual signals determine the perceived slant of the surfaces 
presented in various gaze directions when the stimuli are large and 2D (Backus et al 
1999). In the second stage, horizontal disparities were determined from the corrected 
stereo pair to obtain a final 3D shape (Figure 5). 
 

----------------------Figure 5 around here ---------------------- 
 
4.1 Assumptions 

In the first stage of the model, we computed and assessed the posterior 
probability of image magnification β for a given stereo pair. According to the Bayesian 
view, the posterior probability pposterior(β|Il,Ir) is proportional to a product of the prior 
probability pprior(β) and the likelihood of obtaining the stereo pair L(Il,Ir|β), where Il and 
Ir are 2D images presented to the left and right eyes, respectively. Similarly in earlier 
Bayesian models (Mitsudo et al 2009; Weiss et al 2002), the prior probability 
distribution of image magnification is assumed to be a Gaussian function with a mean 
of 0% (corresponding to a size ratio of 100%) and a fixed value of standard deviation σ, 
pprior(β) = (2πσ2)–1/2exp[–β2/(2σ2)]. This assumption reflects that large vertical 
disparities are unlikely to occur in natural scenes. The standard deviation of the prior 
distribution σ was the free parameter of our model. 

In our model, the likelihood of obtaining the stereo pair L(Il,Ir|β) is a function 
of assumed image magnification β. In computing the likelihood, positional 
correspondence between a stereo pair was analyzed to determine the local disparity dj at 
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the 2D position (xj,yj) on the image plane, where j is an index to the analyzed position. 
To implement a correction of the global geometry for stereo correspondence, we 
magnified the image for the left eye by β while holding both the image for the right eye 
and the epipolar lines constant. See Appendix B for the details of calculating the 
likelihood. 

In the second stage of the model, by finding and using the value of β that 
maximizes the posterior probability, we determined the disparity map δ  = 
{δ1,δ2,δ3,…,δn}, where n is the number of analyzed image positions. The disparity map 
parallels the 3D percept produced by the stereo pair.  
 
4.2 Stimuli and analysis 

The analyzed images were the stereograms used in Experiment 1. We had 
three stimulus patterns (random-dot, concentric, radial) and five levels of vertical size 
ratio (95.2, 97.6, 100, 102.5, 105%). The size of each image was scaled down to 350 x 
350 pixels. The images were blurred by a 2D Gaussian blur kernel (size, 5 x 5 pixels, 
corresponding to approximately an s.d. of 1 pixel) to simulate retinal stimulation in the 
periphery. For each stereo pair, the posterior probability was calculated with the value 
of β ranging from –10 to 10%. 
 To calculate the predicted slant about a vertical axis for each stereo pair, we 
fitted the estimated horizontal disparities to the horizontal positions of matching 
elements x = {x1,x2,x3,…,xn}. We used a linear regression, δ  = a0 + a1x + ε, where a0 
and a1 are free parameters, and ε is a random variable. The slope of the linear regression 
a1 was used to compute the predicted slant Spredict (rad) for each stereo pair by using the 
equation: 
 
 Spredict ≈ –tan–1(a1D/i),      (3) 
 
where i is the assumed interocular distance (6.5 cm), and D is the viewing distance used 
in Experiment 1 (25 cm). See Appendix C for derivation. 
 
4.3 Results and discussion 
Figures 6A-D show the predicted slants as a function of vertical size ratio, obtained with 
different values of the standard deviations of the prior distribution (σ = 0.01, 0.21, 0.41, 
and 0.81%, respectively). A smaller value of σ implies a case in which the stereo 
system tends to ignore vertical disparities. When the value of σ was higher than 0.21%, 
the direction of the predicted slant for the random-dot pattern was consistent with the 
geometrical prediction for the induced effect (Equation 1). When the value of σ was 
higher than 0.41%, predicted slants were similar to each other for the three patterns. 
This shows that the model can account for the psychophysical data reported in 
Experiments 1 and 2. 
 It is notable that the relative magnitude of predicted slants somewhat differed 
among the three patterns, depending on the standard deviation σ of the prior distribution 
of image magnification. For example, the predicted slants for the concentric and radial 
patterns were more similar when the value of σ was 0.81% than when this value was 
0.41%. These variations are comparable to small fluctuations in gain g found in 
Experiments 1 and 2. A variation in the prior distribution may therefore explain 
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individual differences in the perceived slant4. 
 

----------------------Figure 6 around here ---------------------- 
 
5 General discussion 

The two experiments showed that, although the three patterns differed in 
terms of the retinal horizontal disparities, slant settings depended mainly on vertical size 
disparity and were generally similar for the different patterns. These data support both 
the standard theory and the early-correction hypothesis, but not the late-correction 
hypothesis. This implies that the visual system uses vertical disparity at least when 
establishing stereo correspondence. As a possible algorithm for explaining the present 
data, we proposed a Bayesian model in which the stereo system estimates and uses 
interocular image magnification. 

One might think that the correction of stereo correspondence is unlikely, 
because a recent study reported psychophysical data showing that image-size 
differences impaired stereo correspondence (Vlaskamp et al 2009). However, the results 
reported by Vlaskamp et al (2009) are not necessarily inconsistent with the present data 
and model because the magnification value that produced an impairment in their task 
(±10-15%) was greater than the magnification range used in the present study 
(approximately ±5%).  

There is a long-standing debate on whether vertical disparity plays a critical 
role in the induced effect (Arditi 1982; Howard and Rogers 2012; Matthews et al 2003). 
Matthews et al (2003), for example, have proposed a parsimonious explanation by 
hypothesizing that the induced effect arises from receptive-field properties of cortical 
neurons that encode disparities. Their central assumptions are that (a) a stimulus that 
typically produces the induced effect (eg a random-dot stereogram) contains all 
orientation components at a given retinal position, including the radial orientation with 
respect to the center of the visual field, and (b) binocular neurons in visual areas have a 
radial bias in their orientation selectivity. If so, at oblique positions in the periphery, 
neurons sensitive to non-zero horizontal disparities could respond to non-zero vertical 
disparities, because of the stereo aperture problem. These hypothetical responses would 
in theory account for the induced effect. 

The present results for the concentric pattern provide evidence against this 
explanation. The concentric pattern used here did not contain the radial orientation 
component. Therefore, if Matthews et al’s explanation is correct, the perceived slant 
would be zero across the range of vertical size ratios tested. In Experiments 1 and 2, 
however, we found that the slant settings varied according to the vertical size ratio. Our 
results therefore do not support Matthews et al’s (2003) hypothesis, and suggest that 
vertical disparity plays a critical role in the induced effect. 
                                            
4When σ was larger than 0.81%, predicted slants (data not shown) were very similar to 
those obtained with σ = 0.81%. This was the case when the prior distribution was not 
used (ie maximum likelihood estimation). Note that the σ range that produces similar 
slants (ie above 0.41%) also depend on the number of cross-correlations by which the 
likelihood of image magnification is calculated in the present model. If the number of 
cross-correlations is smaller, the σ value required to produce similar slants will be 
higher. 



Vertical size disparity  13 

The line stereograms used here produce not only retinal horizontal disparity 
but also local orientation disparity. Some studies have pointed out that orientation 
disparity would also provide useful information about surface slant (Koenderink and 
van Doorn 1976; Greenwald and Knill 2009). The results of the present experiments do 
not rule out the possibility that orientation disparity contributes to the similarity in the 
slants obtained for the three patterns. To reveal the role of orientation disparity in the 
slant seen with the line stereograms, further studies will be necessary. 

In the two experiments, the magnitude of perceived slants was consistently 
smaller than that suggested by the geometrical prediction of the induced effect, even for 
the random-dot pattern (approximately a gain of 0.2-0.3). (This result is not explained 
by our model.) Similar results were reported in other psychophysical experiments using 
a matching task (Duke et al 2006; Gillam et al 1988; Kaneko and Howard 1996). These 
results contradict other studies using a nulling task, which reported that the magnitude 
of the induced effect was comparable to that of the geometrical prediction (Backus et al 
1999; Ogle 1950). The discrepancy might partly result from the cue-combination 
strategy used in the visual system (Backus and Banks 1999). 

The present model provides a computational and quantitative account for why 
the perceived slant was similar for the patterns that contained different values of retinal 
horizontal disparity. Whereas neuronal mechanisms that encode binocular disparity 
have been investigated extensively, no study has reported on neurons that change the 
position of their receptive field according to vertical disparity. Further studies will be 
necessary to reveal the psychophysical and physiological mechanisms in detail. 
 
Appendix A. Different versions of the late-correction hypothesis 

We consider two different versions of the late-correction hypothesis and their 
predictions about slant for the line stereograms. First, we can assume that the visual 
system follows the nearest-neighborhood rule to establish local stereo correspondence. 
This rule says that the correspondence direction is approximately perpendicular to the 
local orientation of each line. For the concentric pattern, if we assume that the 
correspondence direction is perpendicular to the local orientation of the line presented 
to the right eye, a pair of corresponding positions satisfies yl/xl = yr/xr. In this case, we 
obtain H/V = (xl/xr)/(yl/yr) = xlyr/xryl = xryl/xryl = 1, suggesting a zero slant for the 
concentric pattern. For the radial pattern, if we assume that the correspondence direction 
is perpendicular to the imaginary line that bisects the right and left images of each radial 
line, the corresponding positions have the same distance R from the fixation (ie retinal 
eccentricity). Let tr and tl represent the angles of the radial line (with respect to the 
horizontal meridian) for the right and left eyes, respectively. By definition, tantl = btantr. 
The corresponding position can be represented by (Rcostr, Rsintr) and (Rcostl, Rsintl) for 
the right and left eyes, respectively. Given these assumptions, H/V = 
(Rcostl/Rcostr)/(Rsintl/Rsintr) = costlsintr/sintlcostr = tantr/tantl = 1/b. For the radial 
pattern, the predicted slant is therefore the same as that of the random-dot pattern. 

Second, we can assume that the visual system detects horizontal and vertical 
disparities independently. Specifically, as found in psychophysical studies (Morgan and 
Castet 1997; van Ee and Schor 2000), the stereo system could extract retinal horizontal 
disparities from local line elements. In this case, the values of H are the same as those 
stated in the main text; the global vertical disparity b could be estimated reliably from 
given images and independently of horizontal disparities. (Note that this assumption 
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allows the visual system to establish dual correspondence, horizontal and vertical.) 
Consequently, for the concentric pattern presented with a vertical size ratio of 105%, the 
values of H/V (104.5/105) become around one in a 45˚ oblique position, suggesting a 
zero slant. For the radial pattern, the value of H/V (95.2/105) becomes 0.907. Therefore, 
the predicted slant for the radial pattern would be approximately twice as steep as that 
for the random-dot pattern. 
 
Appendix B. The computation of the likelihood of stereo correspondence 

We used and modified the binocular cross-correlation model (Banks et al 
2004; Mitsudo et al 2009) to compute the likelihood of obtaining a stereo pair with 
assumed magnification β and to obtain a 3D shape from a stereo pair. In the model, 
cross-correlation is computed between small regions (called windows) within the 
images for the two eyes. We applied the cross-correlation window to the intersections of 
an imaginary grid with intervals of 17 pixels over almost all the area of the stereo 
images (diameter, 300 pixels). The value of local disparity was determined by the 
displacement that yielded the maximum value of cross-correlation: 

 

 
(B.1) 
 
where j is an index to the window position, w is the parameter that determines the width 
and height of the window, h and k are integers, δ and ω are the horizontal and vertical 
displacement of the window for the right eye, and µl and µr are the mean intensities of 
the window area in the images for the left and right eyes, respectively. In the analysis 
presented here, w was set to 4 so that the size of each correlation window was 9 x 9 
pixels. [Mitsudo (2012) showed that a change in the window size has little effect on the 
likelihood.] To implement a correspondence preference for the zero-disparity plane, 
cross-correlation was multiplied by a 2D Gaussian-like function, 
 
f(δ,ω) = exp[–δ2/(2cδrange

2)]exp[–ω2/(2cωrange
2)],    (B.2) 

 
where δrange = 15, ωrange = 5, and c = 5. Consequently, local 2D disparity (dj, vj) was 
determined by assessing argmaxδ,ω f(δ,ω)ρj(δ,ω). The value of local correlation was 
then determined by rj = f(dj,vj)ρj(dj,vj). The constant δrange was the range for finding the 
local maximal horizontal disparity; a δrange of 15 pixels was equivalent to approximately 
1.5˚ of visual angle in our experimental settings. The constant ωrange corresponded to 
vertical tolerance in local stereo correspondence. With a smaller value of ωrange, 
predicted slants were more similar to each other for the three stimulus patterns (data not 
shown). 

The logarithm of the likelihood of obtaining a stereo pair as a function of 
magnification was calculated by 
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lnL(Il,Ir|β) = –nlnC – (n/2)ln[(2π/n)∑n
j = 1(rj – 1)2 ] – n/2,  (B.3) 

 
where n is the number of cross-correlations, C = ∫1–1(2πs2)–1/2exp[–(r – 1)2/(2s2)]dr, and 
s2 = (1/n)∑n

j = 1(rj – 1)2. See Mitsudo (2012) for derivation. 
 
Appendix C. Determining global slant from a disparity map 
 Let E represent the horizontal position between the fixation and a given point 
(Figure C). Then the disparity of the point on the fixation plane is represented by a1E. 
When the point has depth d with respect to the fixation plane, i/(D – d) = a1E/d, where d 
is positive for a point with a crossed disparity. Furthermore, given that slant is equal to 
the angle between the element and the vertical meridian, S = –tan–1(d/E). From these 
two equations, we obtain S = –tan–1[a1D/(i + a1E)]. When we consider the slant around 
the fixation, E should be close to 0, yielding a1E ≈ 0. We therefore obtain Equation (3). 
 

----------------------Figure C around here ---------------------- 
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(A) Retinal image (B) Prediction from the early-correction 
hypothesis

x
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Random dot
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Mitsudo, Sakai, & Kaneko   Figure 1
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Figure 1. Schematic illustration of the random-dot, concentric, and radial patterns with a vertical 
size ratio of 105% (top, middle, and bottom rows, respectively). The right eye’ s image is shown 
in red and outlined with a solid line, and the left eye’ s is shown in blue and outlined with a 
dashed line. Arrows within circles represent binocular disparities. (A): actual retinal images. (B): 
corrected images predicted from the early-correction hypothesis. In (B), the left eye’ s image is 
magnified by –4.76%. The stimuli and the size ratios are not drawn to scale.  
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Mitsudo, Sakai, & Kaneko   Figure 2

Adjustable

Figure 2. Schematic illustration of the matching stimulus. The arrow represents the adjustable line 
for reporting perceived slant.
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Mitsudo, Sakai, & Kaneko   Figure 3
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Figure 3. Results of Experiment 1. (A-C): Mean perceived slant as a function of vertical size ratio 
averaged over the ten observers. (D): Mean gains for the random-dot, concentric, and radial 
patterns. Error bars in (A-D) represent standard error.
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Mitsudo, Sakai, & Kaneko   Figure 4
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Figure 4. Results of Experiment 2. (A-C): Mean perceived slant as a function of vertical size ratio 
averaged over the five observers. (D): Mean gains for the random-dot, concentric, and radial 
patterns. Error bars in (A-D) represent standard error.
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Mitsudo, Sakai, & Kaneko   Figure 5
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Figure 5. Schematic representation of the Bayesian model. The width (ie s.d.) of the prior 
distribution does not represent an actual value used in our simulations. See Section 4 for details.
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Figure 6. Simulation results of the Bayesian model. (A-D): Slants predicted with several values of 
the s.d. of the prior distribution of image magnification (0.01, 0.21, 0.41, and 0.81%, 
respectively).
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Mitsudo, Sakai, & Kaneko   Figure C
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Figure C. A schematic illustration of the relation between slant and horizontal disparity in the 
model.

 


